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Abstract. Using the symbolic method based on representation of periodical 
non-harmonic signals through hypercomplex “images”, the hypercomplex 
moduli of electromagnetic state vectors Êint and Ĥint are determined in a popint 
situated inside of a conducting plate with rectangular section through which 
flows a periodical non-harmonic current. In the same time the hypercomplex 
modulus of Poynting’s vector in a point situated on the conducting plate’s 
surface is determined too, permitting to perform the calculus of active and 
reactive powers on plate’s length unit and width unit. It was taken into account 
that the inferior order current harmonics produce a weak skin effect, those of 
superior order generating a net one. 

 

Key words: conducting plate; periodical non-harmonic steady-state; 
hypercomplex symbolic method; hypercomplex moduli of vectors Êint , Ĥint , Ŝ; 
active and reactive powers. 

 
 

1. Introduction 
 

Let be a conducting plate having a rectangular section, with the width d, 
through which flows a harmonic current, 2 sinl li I t , on the length’s unit of 
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this one. The plate is refered to a triorthogonal system of co-ordinates, the 
plate’s symmetry plane being xOz, and the Oy-axis, normal on the plate’s faces 
(Fig. 1). In this case the field’s electromagnetic state vectors in a point situated 
inside of the plate have the complex effective values (Mocanu, 1984) 

 

int int
ch sh

( ) ,   ( ) ,   0, ,
2 2 2sh sh

2 2

l lI x xI dx x xd d
  

  
        

E j H k               (1) 

 
in harmonic steady-state, where Il is the complex effective value of the current il. 

Consequently the complex modulus of Poynting’s vector is 
 

 2 2ch ch sin j ch sin2 ,
2 4 4 ch cossh

2

l l

d
I d d d dIdS d d d


    

   
          

       (2) 

 
 
 

 
Fig. 1 – Transversal 
section through the 
conducting plate. 

in a point situated on the plate’s symmetry axis (x =d/2). 
Here  

 

 1 j ,   ,
2


                       (3) 

 
represent the complex propagation constant and, 
respectively, the attenuation constant; σ and μ are the 
conductor’s material constants. 

Utilizing the well known series developments 
 

3 5 3 5

2 4 2 4

sin ...,  sh ...,
6 120 6 120

cos 1 ...,   ch 1 ...,
2 24 2 24
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m m m mm m

       

       

  (4) 

 
with ,  2,  ,m x d d    if from these series are retained only the first two 
terms relations (1) lead to 
 

 
 

 
 

2 22 2

int int2 22 2

12 2 4 6
( ) ,  ( ) ,

24 24

l lI x xI x
E x H x

d d d d

 

  

 
 

 
             (5) 

 
which characterize the weak skin effect (αd << 1). 
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On the contrary, in case of the net skin effect the asymptotic values of 
hyperbolic trigonometric functions being 
 

ch e ,   sh e ,m mm m                                           (6) 
  
expressions (1) permit to consider that 
 

2 2
int int( ) e ,   ( ) e .

2 2

d dx xl lI IE x H x
 



         
                            (7) 

 
The aim of this work is to study the skin effect in a conducting plate 

having a rectangular section, in periodical non-harmonic state. 
In what follows the dispersion vs. time, of material constants, σ, μ, is 

neglected. 
 

2. The Study Method 
 

With the view of the skin effect study in periodical non-harmonic 
steady-state is advantageously to utilize the symbolic method which permits the 
representation of periodical non-harmonic signals through hypercomplex 
“images”. Elaborated by B.A. Rozenfeld, (1949), and completed by the author 
(Rosman, 2010), this method consists in attaching to a periodical non-harmonic 
signal developed in Fourier series 

 
' ''

0 0
( ) cos sink k

k k
a t A k t A k t 

 

 

   ,                            (8) 

 
considered as “cartesian” form, or 
 

 
0

( ) 2 sin ,k k
k

a t A k t 




                                 (9) 

 
named “polar” form, with 
 

''
'2 ''2

'
1 ,   arctan ,
2

k
k k k k

k

AA A A
A

                          (10) 

 
the hypercomplex “image” 

 

' ''

0 0

ˆ 1 j ,k k k k
k k

A A A
 
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                                            (11) 
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in the variant proposed by B.A. Rozenfeld (op. cit.), or 
 

   
0 0

ˆ 1 cos j sin ,k k k k k k
k k

a A k t A k t   
 

 

                   (12) 

 
in that conceived by the author. Here functions 1k , jk are orthonormalized, the 
defined algebra in this way being commutative, representing a direct sum of real 
numbers field (generated by 10) and the numberable set of complex numbers set 
(generated by the pair 1k , jk). the unit element of the so defined algebra is  
 

0
0
1 1 .k

k





                                                 (13)    

 
In the same time relations 

 
 2 21 1 , j 1 , 1 j j 1 j , 1 1 1 1 1 j j 1 j j j j 0, ,k k k k k k k k k p q q p p q q p p q q p p q           (14) 

 
are satisfied. 

It is necessary to underline that the symbolic identity 
 

 
0

d j ,  ,
d

m
m

km
k

k m
t






                                       (15) 

 
renders evident the advantage of this method in the sense that it permits the 
“algebrization” of differential operations with respect to time. Consequently the 
integro-differential eqs. satisfied by the signals become algebraic ones having as 
unknowns the signal’s hypercomplex “images”. The advantage is similar to that 
conceded by the symbolic complex method in case of harmonic signals. 
 

3. Hypercomplex Vectors Êint(x), Ĥint(x), Ŝ(d/2) 
 

If Êint(x), Ĥint(x) represent the hypercomplex state vectors of an 
electromagnetic field, in periodical non-harmonic steady-state, in a point 
situated inside of a conducting plate having a rectangular section, through which 
flows the current 
 

 
0

2 sin ,
k kl l i

k
i I k t 





                                (16) 

 
on the length’s unit of the plate, theirs expressions are similar to (1), 
substituting in these ones Il with 
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 ' ''

0

ˆ 1 j
k kl k l k l

k
I I I





                                           (17) 

 

and   with (Rosman, 1979) 
 

 
0 0

ˆ 1 j j ,k k k k
k k

k  
 

 

                                 (18) 

 

where ̂  represents the hypercomplex propagation constant and  
 

2k
k

                                                  (19) 

 
– the attenuation constant of k-th order harmonic of the electromagnetic waves 
inside of the plate. It results 
 

int int

ˆ ˆˆ ˆ ˆch shˆ ˆ( ) ,   ( ) .ˆ ˆ2 2sh sh
2 2

l lI Ix xE x H xd d
  

 
                            (20) 

 
Knowing expressions (20) of hypercomplex moduli of Êint(x) and Ĥint(x) vectors 
it is possible to determine the Poynting’s hypercomplex vector on the plate’s 
length’s and width’s unit 

 
*

int int
ˆ ˆ ˆ( ) ( ) ( ),l x x x S E H                                     (21) 

 
having the hypercomplex modulus, in x = d/2, 
 

*ˆ ˆ ˆ ,
2 2 2l
d d dS E H          

     
                                    (22) 

 
where 
 

 

ˆ
chˆ ˆˆ 2ˆ ˆ,   .ˆ2 2 2 2sh

2

l l

d
I Id dE Hd





        
   

                           (23) 

 

In expression (22) Ĥ*(d/2) represents the hypercomplex conjugate of 
Ĥ(d/2), namely * *ˆ ˆ( 2) 2lH d I , with 
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 * ' ''

0

ˆ 1 j
k kl k l k l

k
I I I





                                            (24) 

 

so that  * 2 '2 ''2

0

ˆ ˆ
k kl l l l l

k
I I I I I





   . Having in view relations (22),…,(24) it results 

 

                                      
2

ˆ
chˆˆ 2ˆ .ˆ2 4 sh

2

l
l

d
IdS d





    
 

                                        (25) 

 
In a previous work (Rosman, 1960) it was established that in periodical 

non-harmonic steady-state a hypercomplex apparent power may be defined 
namely 
 

0 0
ˆ 1 j ,k k k k

k k
s P Q

 

 

                                         (26) 

 
where 

 

0 0
,   k k

k k
P P Q Q

 

 

                                         (27) 

 
represent the active, respectively the reactive power. Considering all the powers 
(active, reactive and hypercomplex apparent) refered to plate’s length’s unit and 
width’s unit, then 
 

0 0

ˆˆ 1 j .
2 k kl l k l k l

k k

ds S P Q
 

 

    
 

                                        (28) 

 
In view to obtain the expressions of active power, Pl , and reactive 

power, Ql , it is necessary to amplify the fraction    ˆ ˆch 2 sh 2d d  , with the 

hypercomplex conjugate of his denominator,  *ˆsh 2d . Having in view (18) 
and performing the calculus it results 

 

0 0

0 0

ˆ sh 1 sh jch
2 .ˆ

sh ch 1 ch j2

k k k k
k k

k k k k
k k

d d d

d
d d

  


 

 
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 

 

   
   
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   

   
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 
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Amplifying again the right side of (29) with the hypercomplex conjugate of the 
denominator, the expression 
 

       

   

0 00 0

0 0

1 sh ch j sin cosˆ
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2
ˆ
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k k l k k l
k kl l

l k l k

l l
l l

d d d dd

d
d d
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
 

  

  
 
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 






  

 
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is obtained. 

Having in view (18) and taking into account relations (25),…,(28) it 
results 
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where relations 
 

   
   
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and (14) were taken into account too. 

From relation (31) it results 
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In general case, when fundamental term’s frequency of the current, il , is 
enough low, in frequency spectrum of this one it is possible to define three 
domains where the skin effect produced by the current harmonics is 
qualitatively different namely: a) the domain [f, pf], in which the frequencies are 
enough low,  so  that  the skin effect may be considered weak; b) the domain 
[pf, qf], in which the skin effect is medium; c) the domain [qf, ∞), in which the 
skin effect is net. Here f represents the fundamental term’s frequency of the 
current, p, q  , with 1 < p < q. 

 
3.1. Skin Effect Produced by Low Harmonics 

 
Taking into account that the skin effect produced by the current’s 

harmonics with the frequencies situated in the domain [f, pf] is weak, the state 
vector’s hypercomplex moduli may be calculated using the approximate 
relations (5), where Îl , given by expression (17), is substituted with 

 

 ' ''
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p k k

p

l k l k l
k
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
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and the hypercomplex constant of propagation, ̂ , with 
 

 
0 0

ˆ 1 j j .
p p
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It results 
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If relations (36) are amplified with  2

0
1 24 j

p

k k
k

k d


 , representing 

the hypercomplex conjugate of the denominator (the same) of expressions (36) 
and having in view relations (14), it results 
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   (37) 

 

In the same time the hypercomplex Poynting vector’s modulus, taking in 
account the series developments (4) and retaining, in this case too, only two 
terms of these series, is 
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I ddS
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
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with ˆp  given by (35). Having in view (18), (19) and (13) relation (38) 
becomes 
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Amplifying the right side of relation (39) with denominator’s hypercomplex 
conjugate and performing the calculus it results 
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On the basis of relations (26),...,(28) expression (40) permits to 
determine both the active power 
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and the reactive power 
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reported to conducting plate’s length unit and width unit. But (Ryžik & 
Gradshtein, 1951) 
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so that expressions (41) and (42) become 
 

  
  

2 2 2 2 4

2 2 2 4

ˆ3 1152 1 2 1
,

2 3456 1 2 1
p

p

l
l

I p p p d
P

d p p p d
  

   
  

 
  

                  (44) 

 

respectively 
 

 
  

2

2 2 2 4

ˆ72 1
.

3456 1 2 1
p

p

l
l

I p p d
Q

p p p d


   


 
  

                  (45) 

 
3.2. Skin Effect Produced by Medium Harmonics 

 
In the current’s, il , harmonics frequencies spectrum [pf, qf] the skin 

effect is a medium one, expressions (20), (25) allowing to perform the 
hypercomplex vectors moduli int

ˆ ( ),
pq

E x int
ˆ ( )

pq
H x  and, respectively, ˆ ( 2),

pqlS d  

with the specification that the hypercomplex “image” of the current, l̂I , must be 
substituted with 

 

 ' ''ˆ 1 +j ,
pq k k

q

l k l k l
k p

I I I


                                         (46) 

 

which corresponds to the current’s harmonics having the frequencies comprised 
between pf and qf. In the same time the hypercomplex propagation constant, ̂  
(s. rel. (18)), must be substituted with 
 

 ˆ 1 j j .
q q

pq k k k k
k p k p

k  
 

                                 (47) 



Bul. Inst. Polit. Iaşi, t. LIX (LVIII), f. 2, 2013                                        17                                         
 

The explicit determination, in this case, of hypercomplex vectors 
moduli int

ˆ ( ),
pq

E x int
ˆ ( )

pq
H x  is quite difficult. 

As regards expressions of active power, ,
pqlP  and reactive power, ,

pqlQ  

these can be determined with relations (33), substituting in this case l̂I  with 
ˆ .

pqlI  
 

3.3. Skin Effect Produced by High Harmonics 
 

Having  in  view  that  in  the current’s harmonics frequency spectrum 
[qf, ∞) the skin effect is net, it is possible to utilize relations (7) adequately 
modified namely 

 
ˆ ˆ

2 2
int int

ˆ ˆˆ
ˆ ˆ( ) e ,   ( ) e ,

2 2
qq q

q q

d dx xq l lI I
E x H x

 



         
                      (48) 

 
where 
 

 ' ''ˆ 1 +j
q k kl k l k l

k q
I I I





                                         (49) 

 
and (s. (18)) 
 

 ˆ 1 j j .q k k k k
k q k q

k  
 

 

                                 (50) 

 
As regards the Poynting vector hypercomplex modulus, in a point 

situated on the conducting plate’s surface (x = d/2), this is given by 
 

 
2 2ˆ ˆ

ˆ ˆ 1 j .
2 4 4

q q

q

l l
l q k k k

k q

I IdS  
 





     
 

                            (51) 

 
Using the same proceeding as in section 3.2 it results 
 

2 2ˆ ˆ
,   .

4 4
q q

q q

l l
l k l k

k q k q

I I
P Q 

 

 

 

                                (52) 

 
If expression (19) of attenuation constant, αk , is taken into account relations 
(52) become 
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2 2ˆ ˆ
,   .

4 2 4 2
q q

q q

l l
l l

k q k q

I I
P k Q k 

 

 

 

                             (53) 

 
Considering only the n> q first harmonics of the current il , finite values of these 
powers are obtained. 
 

3.4. The Global Skin Effect 
 

If the conducting material utilized at realizing the plate is linear it is 
possible to apply the superposition principle i.e. 

 

int int int int

int int int int

ˆ ˆ ˆ ˆ( ) ( ) ( ) ( ),
ˆ ˆ ˆ ˆ( ) ( ) ( ) ( ).

p pq q

p pq q

E x E x E x E x

H x H x H x H x

  

  
                          (54) 

 
Having in view relations (37), (20) and (48) expressions (53) become 
 

   
  

2 2 2 2 2 2 2 2

0
int 2 2 2 4

ˆ
2

1 48 j 2 12ˆ72
ˆ ( )

3456 1 2 1
ˆ ˆˆ ˆˆch

e ,ˆ2 2sh
2

p

qpq q

p

k k
l k

d xpq l q lpq

pq

k d x k x dI
E x

d p p p d

I Ix
d



   

   

 
 



    

    
  

  

  



  (55) 

 
respectively 
 

   
  

2 2 2 2 2 2 2 2

0
int 2 2 2 4

j
2

1 144 j 6 4ˆ24
ˆ ( )

3456 1 2 1
ˆ ˆˆch

e .ˆ2 2sh
2

p

pq q

p

k k
l k

d xl lpq

pq

k d x k d xI
H x

d p p p d

I Ix
d

   

  






    

    
  

  

  



  (56) 

 
In the same time 
 

ˆ ˆ ˆ ˆ ,
2 2 2 2p pq ql l l l
d d d dS S S S                

       
                          (57) 

 
so, having in view expressions (40), (25), (31) and (51) it results 
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 
  

 

       

   

2 2 2 2 4 2
2 2

0
2 2 2 4

0 00 0

2

1 192 j 169ˆ
2 4 23456 1 2 1

1 sh ch j sin cos

1 j
ch cos

,
4 2

p pq

pq

p

k k
l lk

l

q qq q

k k l k k l
k kl lq

l k l k
k k q q

k p
l l

l p l p

l

k q

k d k dI IdS
d p p p d

d d d d

k
d d

I
k

   


   

   

 






  
 



 





             



  






  


 



  (58) 

 
where relations (43) were taken into account too. 

Relation (57) permits to determine the expressions of active and reactive 
powers namely 

 

,
2 2 2 2p pq ql l l l
d d d dP P P P                

       
                          (59) 

 
respectively 
 

.
2 2 2 2p pq ql l l l
d d d dQ Q Q Q                

       
                          (60) 

 
Having in view relations (41), (331) and (521) expression (59) becomes 

 
   
  

       

   

2 22 2 2 4

2 2 2 4

20 0

3 1152 1 2 1
2 2 4 23456 1 2 1

sh ch sin cos

.
4 2

ch cos

p pq

q

l l
l

q qq q

k l k l
k p k pl l nll k l k

q q
k q

l l
l p l p

I Ip p p ddP
d p p p d

k d d k d d
I

k
d d

   
   

   



 

  
 



 

            



 


  


 

 (61) 

 
As well taking into account relations (42), (332) and (522) expression (60) leads 
to  
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 
  

       
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2 2

2 2 2 4

20 0

36 1
2 4 23456 1 2 1

sh ch sin cos

.
4 2

ch cos

p pq

q

l l
l

q qq q

k l k l
k p k pl l nll k l k

q q
k q

l l
l p l p

I Ip p ddQ
d p p p d

k d d k d d
I

k
d d

 
   

   



 

  
 



 

          



 


  


 

 (62) 

 
In relations (61) and (62) were considered only the n first harmonics of 

current il . 
Disposing of expression (61) of dissipated active power in the plate’s 

length’s unit and width’s unit and taking into account that the dissipated power 
in the same plate in d.c., also in her length’s unit and width’s unit, is 

 
2

0
1 ,l lP I
d

                                               (63) 

 
it is possible to determine the resistance’s increase coefficient in a.c. 
 

0
.l

a
l

Pk
P

                                                   (64) 

 
3.4. Particular Case 

 
If the current’s fundamental frequency, f = ω/2π, is enough high, it is 

possible to consider that the skin effect is, in his totality, a net one and relations 
(20) become 

 

ˆ ˆ
2 2

int int

ˆˆ ˆ( ) e ,   ( ) e ,
2 2

d dx xl lI IE x H x
 



         
                            (65) 

 
so that 
 

 
2

0

ˆˆ 1 j ,
2 4

n
l

l k k k k
k

IdS P Q
 

    
 

                                  (66) 

 
with 
 

2 2

0 0 0 0
,   ,

4 2 4 2

n n n n
l l

l k l k
k k k k

I IP P k Q Q k 
    

                  (67) 
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if only the first n harmonics of the current il are considered. In this last case is 
possible to determine the expression of resistance’s increase coefficient in a.c., 
(64), taking into account relations (63) and (67). It results 
 

1 .
4 2a

k q
k k





                                        (68) 

 
In the same time it is possible to determine the hypercomplex wave 

impedance (Rosman, 2010) too, as ratio of hypercomplex moduli of vectors 
Êint(x) and Ĥint(x). Having in view expressions (64) of these ones it results 

 

  0
j 4

int
0

0int

ˆ ( )ˆ 1 j e ,ˆ 2( )

k
k

k k
k

E x k
H x

 


 









                  (69) 

 
where relations (18) and (19) were taken into account. 
 
 

4. Conclusions 
 

The skin effect in a conducting plate having a rectangular section, 
through which flows a periodical non-harmonic current, is studied. The utilized 
method is based on a symbolic proceeding which permits to represent a 
periodical non-harmonic signal through a hypercomplex “image”. 

While the current’s low rank harmonics produce a weak skin effect, the 
high rank harmonics generate a net skin effect; as regards the medium rank 
harmonics these ones produce a medium skin effect. 

In each of these cases are determined the hypercomplex vectors Êint(x) 
and Ĥint(x) moduli, as well the Poynting vector, Ŝ(d/2), hypercomplex modulus, 
in a point situated on the conducting plate’s surface. Consequently the active 
and reactive powers on the plate length’s unit and width’s unit are determined. 

Finally the particular case is studied when the current’s fundamental 
frequency is enough high so that the global skin effect is a net one. 
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EFECTUL PELICULAR ÎNTR-O PLACĂ CONDUCTOARE DREAPTĂ, 
AVÂND SECŢIUNEA DREPTUNGHIULARĂ, ÎN REGIM PERMANENT 

PERIODIC NEARMONIC 
 

(Rezumat) 
 

Folosind o metodă simbolică bazată pe reprezentarea semnalelor periodice 
nearmonice prin „imagini” hipercomplexe, se determină modulii vectorilor hiper-
complecşi de stare Êint şi Ĥint într-un punct situat în interiorul unei plăci conductoare 
drepte, de secţiune dreptunghiulară, prin care circulă un curent periodic nearmonic. De 
asemenea se determină modulul vectorului hipercomplex al lui Poynting într-un punct 
situat pe suprafaţa plăcii conductoare, permiţând calculul puterilor activă şi reactivă în 
unitatea de lungime a plăcii conductoare şi în unitatea de grosime a acesteia. 


