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Abstract. The expressions of equivalent complex impedances at the gate
(1), (1) of a general linear, non-autonomous and reciprocal two-port are
determined when either the (2), (2") gate or the (3), (3') gate are at empty load or

. - : - @ 50
in short-circuit. Thus, the equivalent complex impedances Zg,, Zgi.
respectively 2, z® are defined. The possibility to realize the equalities

28 =70 or 28 -7% are studied, determining, in the first case, the

corresponding complex impedance Z, Z, and in the second case, Z,, Z,. A
geometrical interpretation of these situations is also studied.
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Zeser Leios ;Sgc; ;g% -z? ZS% = 2% equalities realization.

Zelsc' = =elsc

1. Introduction

In previous two papers (Rosman & Belaus, 1996, 2000), having the

* e-mail: adi_rotaru2005@yahoo.com



56 Hugo Rosman

same title as above (less then the two-port’s reciprocal character), were studied
the working at empty load and in short-circuit of a linear and non-autonomous
general two-port in harmonic steady-state. Especially the condition of equality
Z SZ, = ng)c were established, where Z Sg, Z ﬁs)c represents the complex equivalent
impedances at the gate (1), (1') when the gate (2), (2') is open (empty load) or in short-
circuit, the coupling branch between the gates (1), (1') and (2), (2') being passive.

The aim of this paper is to revise and complete the obtained results concerning

the realization of the equalities ;Sg = ng)c and to establish the conditions which must

be satisfied to realize the equality ;S{, =;S;c, where ;SZ, ;S;C represent the
equivalent complex impedances at the gate (1), (1') when the gate (3), (3') is open
(empty load), respectively in short-circuit, the receiver’s impedance connected at the
gate (2), (2') being at his turn passive, Z3), 22 having the meanings utilized in the
cited previous papers. In both cases the two-port is considered as being reciprocal.

Let be a linear non-autonomous and reciprocal general two-port (LNRGT -
Fig. 1), having, in harmonic steady-state, the egs., (Sigorsky, 1962):

1y 4 1 (2)
o> > U, Ar A, Agl|lY,
Qll ENRGT lgz I, [=| A, A, Aslll (1)
. 0 =1 [~ (%~21 222 2223 - '
(" {] (29 Us Ay Ay Ag|ll
=3
U x!
() 3N with A; , (i, j = 1, 2, 3), his
Fig. 1 — Scheme of a linear, non- fundamental parameters. At the same
autonomous and reciprocal general time
two-port.
U . U .
ZZZI__ZZRzJFJXz: ;3=I__3=R3+JX3 (2)
12 =3

represents the complex impedances of passive receivers at the two-port’s gates,
(2), (2') and, respectively, (3), (3'), while

U .
Ly ZT_l =Ry + Xy 3)
=1
is the equivalent complex impedance at the two-port’s gate (1), (1.
If between relations (1),...,(3) are eliminated U,, I,, Us, I3 expression

(Allls + AisAgp — A Ags );2 +ALLs + AzAgp — A Ag
(AZl L3+ A Ay — Ay Ags );2 +ApnZs+ApAy —ApAs

Ze1=

(4)

is obtained.
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In what follows are called as LNRGT’s working regimes at empty load
either the one when Z, — o (and consequently I, =0), or the one when Z3 — o
(and consequently I; =0). In the first case

@ _ AuZz+ApAy —AjyAg
L= A
ApZsz+AphAy —AyAg

)
and in the second one

70 _ AnZ,+ Ay _ (6)
T ANZ, A,

As well the working regimes in short-circuit are either those when Z, =0 (and

consequently U, =0) or those when Z; =0 (and consequently Us; =0). In the first

case

7@ _ AnZz+ AgAg — A Agg )
T ApZy+ Ay Ay — Ay Ag

and in the second one

7 3 _ (A13A31 B A11£\33 );2 + AiSASZ -Ap, Ass
o (AZlASl - Ay A )Zz +AyAs — Ay Ag

(8)

The LNRGT being reciprocal the fundamental parameters satisfy the
relations (Sigorsky, 1956)

|A| =det Ay =Ag, (1,]=123); Ap Ay —AiAy =Ag,
A Ay — A Ay =—Ag,

9)

valuable in the case when all the three gates of the considered two-port are
access gates with the outside (“hard” general two-port (Rosman, 2008)), or

|A| = detAij =£‘33' (1,]=12,3); A Ay = Ap Ay =1, (10)

in the case when the gate (3), (3) is an interior one (“soft” general two-port
(Rosman, 2008)).
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2. Complex Impedances Z{?) and Z{?) Equality Conditions
In view to establish the conditions which assure that equality
2 2
Zav=Zau (11)

is satisfied, are substituted in (11), 2} and Z{ with expressions (5),
respectively, (7), resulting the equality

ApZy+AgAg — Ay Ag _ AnZz+ AzAgy — A Ag

AnZs+ A Ay — Ay Ay Apls+ApAgp — Ay Ag ' (2
which is equivalent with algebraic eq. of second order
aZ;+bZ;+c=0. (13)
If the case of “hard” LNRGT is considered, having in view (9,) it results
a=A Ay —ALAy b=-Ag (1"' AuAy — Ay, Au)y Cc= Ags (14)

When the LNRGT is a “soft” one, having in view relations (10) one obtains
a=1b=-2Ay, c=Aj, (15)

EQ.’s (13) solutions are, in case of “hard” LNRGT

. " A
Zyy =Ag3, Ly = == . (16)
AllAZZ - AiZ AZI
where condition
A Ay # Ap Ay 17
is assumed. In case of “soft” LNRGT eqg. (13) has the double root
Zés = Z;s = Ags. (18)

Evidently, in order that the studied problem have a physical meaning,
having in view that complex impedance Z; is considered, through hypothesis, as
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being passive, it is necessary that inequalities
‘Re(éss) >0, Re [Ass (ALAZz - Azz A;l )J >0 (19)

be satisfied.
The common value of impedances 23 and 22 is

jor By o s Pube (A Agy = A A ) (A Ay — Ay Ay
Z=e ! =€
AZS AZlASS + (AZSASl - AZlASS ) (AilAZZ - Aiz AZI)

in the case of “hard” LNRGTSs and

, (20)

PAGIEE] (21)

Zels '
Ay

in the case of “soft” LNRGTSs. In order that these expressions have a physical
meaning it is necessary, evidently, that the inequalities

Re(25) ) =Re(22 )20, ne(z8) )20, (22)
be satisfied.
3. Complex Impedances Z) and z&) Equality Conditions
In this case equality
Zgo=Zee (23)
is satisfied if relation

ALZ,+A, (AlSASl _AllASS);Z + Az Agy = A Ags (24)
AnZy+ Ay, (AZSASl — Ay Agg )Zz + A Ay — Ap Ay

occurs, which is obtained through substitution in (23) of complex impedances
z® — 7% with expressions (6), respectively (8). Relation (24) leads to
algebraic eq. of second order

aZs+pZ,+y=0, (25)
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with
a=Ay (A13A21 - AilAZS) ,
/_3 = Asz (AlSAZl - AilAZS - ASl)' (26)
2
¥ ==Agy,

where reciprocity relations (9) were taked into account, considering only the
case of “hard” LNRGTS. Egs. (25) roots are

ASZ ASZ

o T A Ay A n
It was supposed that
A Ay # Ay Ay and Ay #0. (28)
In the particular case when
AAy —AnAy=-Ay (29)

the roots Z,,, and Z,,, coincide.

The common value of impedance ;S{, and ;S;C is
AnAs + Ay (AISAZl _AllAZS)
AnAp—A, (5132‘21 _AMAZS)

' A
Zelh 2

= , respectively Z,, =
Aoy Py~ Py Ay e

.(30)

The considered two-ports being passive it is necessary that
Re(Zuyn) > 0, Re(Zasn ) > 0. (31)

4. Geometrical Interpretations

An analysis of relations (5),...,(8) permits to state that these ones
represent conformal transformations, (Stoilov, 1964), of circles situated in
complex planes Z, or Z; in circles situated in complex planes Z.; (strictly
speaking Zeo OF Zese). Supposing that the complex impedances Z, and Z; are
passive the problem is to determine, using the above mentioned conformal
transformastions, of axises R, = 0, R; = 0 in circles situated in the complex
plane Z.;, which correspond to complex impedances Zs; =0, respectively,
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Z3 — . Thus, in a previous paper (Rosman & Belaus, 2000), were established
using this proceeding, circle’s equations

respectively
n 2 2 n n n
a (Relsc + Xelsc)"" b Relsc +C Xelsc +d"=0, (33)

which correspond to cases when Z, — o, respectively, Z, = 0. The expressions
of coefficients @', b’, ¢/, d’, a”, b”, ¢, d” are given in Appendix.

In the case of “hard” LNRGTSs the circles (32), (33) are eventually
secant (Fig. 2 a) while in the case of “soft” LNRGTS, the respective circles are
tangent (Fig. 2 b) (exterior or interior).

It exists a domain (hatched in Fig. 2 a) where the equivalent complex
impedances at empty load and in short circuit may be equal, but for different
values of complex impedance Z; (excepting the points M and N).

4 A
X Lo
Zz—:—co Zz—:-oo
M
Zzaoo
@ ®
ZE]FQ N Zels
o
Zelh Zfl)s
o \r/ R: o \T/ R:
£,=0 Z,=0
a b
Fig. 2 — Geometrical interpretation of equalities () =z%) and z$) =28 .

Analogically may be determined circle’s eg. which correspond to cases
when Z3 = 0 or Z3 — co. In this situation relations (6) and (8) which realize the
conformal transformation of complex plane Z; = R; +jX; in to complex plane
Zea = Re +jX e (more precisely in the complex plane Zeio = = Reo + jX 610,
respectively Zeise = Rersc + jX e1sc) are utilized. The circle’s Z; — o eq. was
established in our Ph. D. dissertation (1968) namely

e-(Rggz+xggz)+f-Rgg+g-xgg+h-=o. (34)

As regards circle’s Z3 = 0 eq. this one is
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e"(REZ + X2 )+ 1" RE, +9"X & +h"=0, (35)

Coefficients e, f, g', h’, e”, f', g", h"” expressions are given in the
Appendix.

The circles Z; = 0, Z3 — oo are similar to those represented in Fig. 2.
Egs. (32),...,(35) are very useful in the study of resonance regimes at the input
gate of an LNRGT working either at empty load or in short circuit. The detailed
study of such working regimes will be effectuated in a future work.

5. Conclusions

The study of a linear, non-autonomous and reciprocal general two-port,
working at empty load or in short circuit, has allowed

1° The establishing of equivalent complex impedances expressions at
the two-port’s input gate when either the gate (2), (2"), or the gate (3), (3) is

open or in short-circuit (2%) 28,28, 28)).
2° The establishing of conditions in which either Z%) =22 or
©) ©)
Zeo =L -

3° The sketching of a geometrical interpretation of the obtained results.

Appendix

If the real part of complex impedance

AnAg _A23£‘31)Ze10 + A3 A = Ay Agy [Z » Azlj
| &l T, )

Zs = (
AnZao—Ay

(A1)

1

deduced from relation (5), is annulled, eq. (32) is obtained, where

a'= o] Aoy (A Ay~ )|
=20 e A ) 0] Ay B+ A |
= 2%e( A I ( Ay 2o ) + 3] Ay Ay Py + P iy ) |
"= -e] A ( Ag Ay~ A |

(A2)

In the same time annulling the real part of complex impedance

Zy= ( (A3)

AZZ Ze]sc AV R»

AsAy —Azaﬁsz)zeasc +AzA, —Ap Ay [ A, J
' ;elsc |
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obtained from relation (6), it results eq. (33) where

" =e| Aoy Ay~ Ay |

b" = —2%e( Ay )te( A, A;2)+2Re[A32 (AP +£~13622)],
" =23 P ) SM( Ay A |+ 3] Ay (i A + Aoy |
0" =e| A (Mg~ ApAs) |

(A4)

As regards the coefficients €', f’, g', h’, these ones may be determined annulling
the real part of complex impedance

A28 -
, =__22_é;) il ;Sg} i% , (A.5)
AnZao—Ay =2

IN

obtained from (6). It results eq. (34) where

e’ =5Re(£‘21£‘;2)1 f '=_5Re(£‘11£‘;2 +AlZA;1)*

N N ) (A.6)
0" =M (A A + A Ay |, h'=Re( Ay AL ).

It is necessary to underline that coefficients a’, b ', ¢/, d’, a”, b"”, ¢”, d”, were
established in a previous work (Rosman & Belaus, 2000), while coefficients e’, f, g’, b’
expressions were determined in the above mentioned author’s Ph. D. dissertation.

In view to obtain the coefficients e”, f”, g”, h” expressions relation (8) is used,
from where may be deduced that

(512533 —A 3521)22(: +ARA, — AL Ay

Z,= &) : (A7)
(A23£‘31 —AnAg )Zeﬂse + A Ay = A Ay
Annuling the real part of expression (A.7), eq. (35) is obtained where
e'= me[(ézzésa _623632)(53621 _3215;3)}
fr= 2936[(622633 —623632)(515;3 _§3§1)+(613§32 —A 2633)(5;35;1 _A;A;s)} A8

9= Sm[_(é‘zzﬁaa _Azsész)(ﬁqlé;s _533;1)+(£‘13A32 s 2633)(5;3621 _A;A;)J’
h"= me[(ﬁlsész —A 2633)(3:1623 _ﬁségl)J'

It is necessary to observe that coefficients @', b ’,..., h” expressions depend
exclusively on LNRGT’s fundamental parameters Ajj, (i, j = 1,2,3).
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ASUPRA FUNCTIONARII LA GOL SI IN SCURTCIRCUIT A UNUI
CUADRIPOL GENERAL LINIAR, NEAUTONOM SI RECIPROC, IN
REGIM PERMANENT ARMONIC

(Rezumat)

Se determind expresiile impedantelor echivalente complexe la poarta de intrare
a unui cuadripol liniar, neautonom si reciproc atunci cand fie poarta (2), (2"), fie poarta
(3), (3") este deschisd sau in scurtcircuit. Se definesc astfel impedantele echivalente

complexe 22,28 78 7% . Se studiaza posibilitatea de a fi satisficuta egalitatea

;g%: ;ggc sau ;S)o: ;Sgc, determinidnd, in primul caz, impedantele complexe

(passive) ;'3, ;; iar in cel de al doilea caz impedantele complexe (de asemenea

passive), Z 2 , Z ;, care fac posibile aceste egalitati. Se propune o interpretare geometric
a acestor cazuri.



