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Abstract. The conditions assuring the realization of an extreme value of the
active power dissipated in the coupling branch relying the gates (1), (1') and (2),
(2") of a general, linear, non-autonomous and passive two-port, supplied, in
harmonic steady-state, simultaneously, at these gates, are established when this
branch is realized by series connection of a resistor, a coil and a condenser, all
the three elements being non-linear inertial. In the same working conditions a
similar problem concerning the efficiency of the dissipated active power transfer
in the coupling branch is outlined too.

Key words: linear, non-autonomous and passive two-port; simultaneous
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1. Introduction

In a previous papers (Rosman, 2011) the problem concerning the
determination of conditions when either the active power, P, dissipated in the
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coupling branch between the gate (1), (1) and (2), (2") of a linear, non-
autonomous and passive general two-port (LNPGT) supplied, in harmonic
steady-state, simultaneously, at these gates, or the efficiency of this dissipated
active power transfer, has extreme values, are approached. The coupling branch
is considered as being non-linear inertial, having an arbitrary structure,
supposing that both the equivalent resistance and the equivalent reactance of the
branch are functions of the amplitude of a same arbitrary harmonic current.

In what follows similar problems are studied, in the particular case
when the coupling branch between the gates (1), (1) and (2), (2') is realized by
the series connection of a resistor, a coil and a condenser, all the three elements
being non-linear inertial (Fig. 1). The egs. of such a two-port are (Sigorsky,
1956):

U, Ay Ay Agl|lY,
I_l = AZl Azz Azs |_2 ) (1)
U, Ay Ay Aglls

where Ajj, (i, j = 1, 2, 3), represent the

; fundamental  parameters of the
3
O Rl Xialli) Xerlli) ) LNPGT.

Fig. 1

As regards the soupling branch complex impedance connected at gate
(3), (3", this is given by relation

Z3(l3m) =Rs(l3p) +iX35(13y), )

having in view that in this case it is possible to utilize the symbolic complex
method of harmonic signals representation because the input—output
characteristic of a non-linear inertial element is linear in instantaneous values
(Philippow, 1963) and consequently the steady-state of LNPGT represented in
Fig. 1 is harmonic if the supplying voltages, u; , u,, are harmonic, having the
same frequency.

The parameters Rs(lzm), Xis(lam), Xcs(lsm) are given by (Savin &
Rosman, 1973)

3
Ro(l3,) =4 +Za3|§mv (>0, 23 S 0),

X, (Is0) = Buo—s BuotZy, (5,30, B S0), ©)

1. 3 7
Xcs(ISm)=51+z-w—§l§m, (>0, 73 0),

so that
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X3(lan) =X, (I3n) = X, (I3m) =ﬂla)—%—%(ﬂ3a)+§J IS0, (4

2. Active Power Dissipated in the Coupling Branch

The expression of the active power dissipated in the coupling branch
between the gates (1), (1) and (2), (2") of the LNPGT represented in Fig. 1 was
established in a previous paper (Rosman, 2004) namely

R; |ASZL_Jl + A13Q2|2

P, = , (5)
; e(R§+X§)+ fRy + gX5 +h

where the coefficients e, f, g, h are given in Appendix 1, being functions only of
LNPGT’s characteristic parameters, A;, (i,j =1, 2, 3).

Referring to the coupling branch represented in Fig. 1, the R; and X;
parameters from relation (5) must be substituted with (3;) and (4), obtaining

A+BIZ,

2
P, =|A, U, +A.U ,
s =|AnY, + A, Cl: +DIZ +E

(6)

which may be studied with the usual proceeding regarding the functions of a
single independent variable. Coefficients A, B, C, D, E expressions are given in
Appendix 2.

Firstly the derivative

Eﬂii::-—2|f532Lll4‘!513L12|
dr

2 BCl3,, +2DCIZ, + AD - BE
4 2 2
(Cl5, + DI, +E)

|3m (7)
is performed. Annulling this derivative, an algebraic biquadratic eq. of fourth
degree, in Iy, is obtained namely

BCl;, +2ACIZ, + AD - BE =0, (8)

having the roots

22
:i\/—ACi\/AC —BC(AD - BE)
3M1234 !

BC ®)

at which must be added the root I3m = 0, inacceptable from physical point of
view. Also, the roots having the sign “-” in front of the external radical
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(I3m, 13m,) are inacceptable from same point of view. As regards the other two

roots (I, . I3m,) , these can be acceptable only if their expressions are real and

positive. A first condition which must be satisfied is referred to the expression
situated under the inner radical: this one must be non-negative. Since C > 0 (s.
Appendix 2) the above condition becomes

B(AD — BE) < A’C. (10)

Having in view that C > 0 too (s. Appendix 2) it results that the roots

I3m,+ I3m, Can be real and positive if

signB =—sign(AD — BE). (1)

The following possible cases must be taken into account:
a) If B> 0 and consequently AD — BE < 0, only the root

| _\/—AC+\/A2C2—BC(AD—BE) w2

sm BC

is real and positive.
b) If B <0 and consequently AD — BE > 0, on the contrary, only the root

o :\/—AC—\/AZCZ—BC(AD—BE) w3

BC

is real and positive.
c) If B(AD — BE) = A”C the derivative’s (8) root which can be real and
positive is

- -2 (14)

which is acceptable only if B < 0.

In view to establish if the determined roots of eq. (8) correspond to an
extreme value of function Ps(l3y), the second derivative of this function with
respect to lsy is performed namely

d?p,

2 5BCl;, +B6ACIZ, — AD + BE
. :
diz,

(Clfy+DIZ, +EY

=—2|A,U; + AU, | (15)
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It is necessary to determine the sign of this derivative when 15, =15, or

lgm = Iy, - Having in view that 2|A;,U, +AlgL_JZ|2/(CI§m +DIZ + E) >0 for

any value of Iy, it is sufficient to determine only the sign of the numerator of the
fraction from relation (15) for these two values of I, . Performing the calculus
it results

5BCl;,, +4ACIS, —AD+BE =

4,/ A2C? ~BC(AD - BE) [\/AZCZ —BC(AD - BE) - AC} (16)
N BC !

respectively

5BCly,, +4ACI, —AD+BE =

4,/ A2C? — BC(AD - BE) [\/AZCZ —BC(AD - BE) + AC} (17)
N BC '

Consequently

a) if B> 0, d*P,/dI2, <0;

|3m:|3m2

<0.

|3m:|3m2

>0 and d?P,/dI2,

|3m:|3m1

<0 and d?P,/dI2,

|3m:|3m1

b) if B <0, d’R,/dI2,

It is possible to conclude that the function Ps(lsy) is: a) maximum if 1, =1

3m,

and B > 0 or Iy, =I5, and B < 0; b) minimum if 15, =15, and B < 0 or

3my
l3m = I35, and B> 0.

If AD = BE, d?l,,/dIZ =0 for I, =1, (s.rel. (14)), a supplementary

study being necessary in this case.

Substituting in relation (6) expressions (12) and (13) of Iy, ,
respectively 13, , it may be obtained the maximum, or, respectively, the

minimum value of P;. Performing the calculus it results

+B? |ASZL_Jl + AU, |2

Ppy, = ,
2,/A%C? — BC(AD - BE) 7 2AC 7 BD

3extr

(18)

where the superior sign corresponds to 15, and the inferior one, to 15, .



44 Hugo Rosman

3. Efficiency, 5, of Dissipated Active Power Transferred to
the Coupling Branch

The expression of the efficiency characterizing the active power’s
transfer from gates (1), (1) and (2), (2') to the coupling branch between these
gates, in the case of a LNPGT supplied at the specified gates with harmonic
voltages having the same frequency, was established in a previous paper
(Rosman, 2006) namely

7= Ry |A23L_Jl +A13Q2|2
a(Ref + X§)+bR3 +CXy+d

(19)

where the expressions of a, b, ¢, d are given in Appendix 3.

It is useful to observe that relations (5) and (19) have a similar structure
so that the established conclusions concerning the active power, Ps, dissipated
in the coupling branch (with complex impedance Z3) between the gates (1), (1)
and (2), (2) of the LNPGT supplied, simultaneously, at these gates, may be
easily adapted to the study of the efficiency, #, of the transfer of this power.
With this end in view is sufficiently to substitut coefficients e, f, g, h (s.
Appendix 1) with, respectively, a, b, ¢, d (s. Appendix 3). The explicit
formulation of the conclusions regarding this last case has a high degree of
difficulty on account of a, b, ¢, d expressions complexity. In any case is
possible to affirm that because Rs, X3 parameters are functions of the current
amplitude, I3, , which flows through the coupling branch relying the gates (1),
(1" and (2), (2" (s. rel. (3) and (4)), the efficiency is also a function of the same
current amplitude, #(ls,). A detailed study of this function, analogous to that of
function P3(lsy), performed in 82 of this paper, leads to the conclusion that the
efficiency can be extreme for certain values of I3, . In the same time it is
possible to determine these values when existing.

4. Conclusions

1. The dissipated active power, Ps, in the coupling branch between the
gates (1), (1)) and (2), (2") of a linear, non-autonomous and general two-port, is
determined when this one is supplied at the above mentioned gates with
harmonic voltages having the same frequency. The coupling branch is
considered as a series connexion of a resistor, a coil and a condenser, all three
non-linear inertial.

2. The efficiency, #, of active power’s, P; , transfer through the
considered two-port to the non-linear inertial branch is determined too.

3. The conditions in which either the active power, Ps, or the efficiency,
1, have extreme values are determined.
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Appendix 1

In a previous paper (Rosman, 2004) the active power, P;, dissipated in the
coupling branch between the gates (1), (1') and (2), (2'), having the complex impedance
Zz = Rz + jX3, in case of a LNPGT supplied at these gates, simultaneously, by two
harmonic voltages having the same frequency, was determined namely

ApU, + AU
. AUy +AU,| A1
‘AlZ (Za —A 3)+£‘13£‘32‘
Performing the calculus it results relation (5) where
e=A,>0, f =25Re[£‘12 (A;AZZ —Ezgs)Jv (A2)
A2

g=—23m[612(§3A32 A12A33} ‘AlaAsz —2A33‘ >0.

Appendix 2

If in relation (5) are substituted, resistance Rz with expression (3;) and
reactance Xz with (4) it results relation (6) where

A=q, >0, B2 7% C= A{ (ﬂ3a)+—j }>0,
Dz%{%% (ﬂﬂ’— j(ﬂaaH ’s ﬂ+g{0‘3me[£‘12(£‘:3£‘;2 —ALA%)—
(ﬂsm jom[Au( Zzé;—A;A‘;z)}}, (A3)

-1 f oo
[0

{2 ol o~ |

+2{0{15RE|:A12 (A;A;z _526;3)_

Appendix 3

Coefficients a, b, ¢, d expressions were established in a previous paper
(Rosman, 2006) namely
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a=e{ Ay oy |U7 -+ AL Ay U2 -S| Ay (A, Ay — A Aoy ) 1 (U ) +

| A Ay Ay — By Aoy ) 1] 5m(U,U3 ),

el Aon ( Aua Py~ Pro A |+ P Ao g = o i [U2 +

el A Aus P — Ay P + Ao P Ao 5y A ) U2 -

e Aus Py — Py A )| B Ao = Ay P +1)+ 2, Ay | (U, U )+
+ 3] Ag Ay = Pog o) (A Ao ~ Ay oy =1 |S(U, U3 ),

0= 3| Aoy (A Ao A )~ Ao Ao Py = Pop Ay | U7 +
3] Ay Ara P — Py A~ P  Aon Aoy = By A U2 -
=] (Ao Py — Py A ) B Ao = Ay P =1+ 2, Ay | e[, U5 )+
90| Ao g — P Ao B Aoy ~ A o +1) |S(U, U3 ),

0 = e Ara oy = Aoy Ay ) r Ay = Ay P U7+ Ay iy~ Ay Ay )¢
X Aus Py = Py Ay ) U3 + 28] Ay (P A =~ Ay P ) (U, U ).

+

b

+

(A4)

@D

It is necessary to observe that while coefficients e, f, g, h (s. rel (A.1)) are
functions only of LNGPT’s fundamental parameters, A;, (i, j = 1, 2, 3), coefficients a,
b, ¢, d are, in addition, functions of the voltages values, U, , U,, applied at the gates (1),
(1" and, respectively, (2), (2") of the two-port too.
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REGIMUL ENERGETIC AL UNUI CUADRIPOL GENERAL LINIAR,
NEAUTONOM SI PASIV, TN REGIM PERMANENT ARMONIC,
ALIMENTAT SIMULTAN LA PORTILE (1), (1) SI (2), (2), AVAND
INTRE ACESTE PORTI O IMPEDANTA COMPLEXA DE CUPLAJ
NELINIARA INERTIALA (II)

(Rezumat)

Se determind conditiile In care puterea activa, P, disipatd in impedanta de
cuplaj dintre portile (1), (1') si (2), (2") ale unui cuadripol general liniar, neautonom si
pasiv, in regim permanent armonic, alimentat simultan pe la aceste porti, are valori
extreme atunci cand impedanta de cuplaj dintre portile respective este constituitd din
gruparea in serie a unui rezistor, unei bobine si unui condensator, toate trei neliniare
inertiale.

In aceleasi conditii se abordeazi si problema determinarii randamentului cu
care este transferatd impedantei de cuplaj puterea activa, P;, disipata in aceasta.






