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Abstract. The necessary and sufficient conditions to realize the resonance
at the input gate (1), (1) of a linear, non-autonomous and reciprocal two-port, are
established when either the gate (2), (2') or the gate (3), (3') is open or in short-
circuit. The two-port is considered as working in harmonic steady-state.

The conditions which assure the simultaneous realization of a resonance
regime at the input gate (1), (1') and (3), (3') gate when the gate (2), (2') is open
or in short-circuit or the simultaneous realization of a resonance regime at the
input gate (1), (1) and (3), (3') gate when the gate (2), (2) is open or in short-
circuit are determined too.

Key words: linear, non-autonomous and reciprocal general two-port;

working at empty load or in short-circuit; resonance at the input gate (1), (1");
double resonance at (1), (1) and (2), (2") or (1), (1) and (3), (3') gates.

1. Introduction

In several previous papers, firstly (Rosman, 1989) in a more accessible
form and then (Rosman, 2004), in a much simpler form, the necessary and
sufficient conditions which assure the realization of resonance at the input gate
(1), (1), of a linear, non-autonomous and reciprocal general two-port, working

* e-mail: adi_rotaru2005@yahoo.com



10 Hugo Rosman

in harmonic steady-state, were determined. It is necessary to underline that
while in the first cited paper were studied the general two-ports in “hard” sense
(Rosman, 2008), only the general two-ports in “soft” sense (Rosman, 2008)
were considered in the second paper.

The aim of this paper is to propose some specifications concerning the
resonance at the input gate of a linear, non-autonomous and reciprocal general
two-port, working either at empty load or in short-circuit. In what follows such
a two-port is considered, represented in Fig. 1 and abbreviatedly named
LNRGT, having in harmonic steady-state, the equations (Sigorsky, 1962):

(1) 4 1 (2) U, Ar A, Asl|lY,
U l LNRGT l(_fz L |=lAn Ap Ax|l L |, ()
o—o— , QS ASl A32 ASS |—3
un { 7 (2
=3
U N where A, (i, j = 1, 2, 3), represent the
(3 39 fundamental  parameters of the
Fig. 1 considered LNRGT, which satisfy the

reciprocity relations (Sigorsky, 1962)
|A| = det |:Aij ] =Agzy Ap Aoz~ AisAgr = Agyy A Ay — A Ay = A (2)
At the same time
Z,=R,+]X,, Z;=Ry+jX; (3)

represent the receivers complex impedance considered passive (R, > 0, Rz > 0),
at the gates (2), (2') and, respectively, (3), (3), while

) U
Ly =Ry +]Xy ZT_l (4)

=1

is the complex equivalent impedance at the LNRGT’s input gate (1), (1). It is
evident that if the LNRGT is also passive (as the complex impedances Z, and
Z3), then Rg; > 0.

If signals U, , I,, Us, I5 are eliminated between egs. (1), (3), (4) the
equivalent complex impedance’s expression at the LNRGT’s input gate (1), (1)
is obtained namely

(Allls + AisAgp — A Ags );2 +ALLs + AzAgp — A Ag

Z el = )
(AZl L3+ A Ay — Ay Ags );2 +ApZs+ApAy —AxpAsg

©)

which may be considered as function of complex impedances Z,, Z; and of
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LNRGT’s fundamental parameters, A;, (i,j =1, 2, 3).

In the studied case, considering that is a matter of an LNRGT in “hard”
sense, it is possible to conceive two distinct working regimes: at empty load
when either Z, — oo or Z3 — oo, characterized by the equivalent complex
impedances at the input gate

7@ _ ApZy+ AAg — Ay Ag

=e10 ! (6)
ApZs+AphAy —AyAg

respectively,

70 _ Az, + Ay )
T ANZ, Ay,

as well as two distinct working regimes in short-circuit when either Z, =0 or
Z3 =0, characterized by the equivalent complex impedances at the input gate

7@ _ AnZz+ AAg — A Agg 8)
e ApZs+AphAy —AyAg

respectively,

2@ _ (AlSASl — A Agg )Zz + A3 Ay — A Agg | ©)
- (AZlASl — Ay Agg )Zz + Asg Ay — Ay Ay

It is necessary to observe that Z S{, represents, in the same time, the expression
of the equivalent complex impedance at the input gate of an in restricted sense
two-port working at empty load. Also, it is possible to ascertain that expressions
(6),...,(9) represents conformal transformations (Stoilov, 1964) of half-
planes R, > 0, respectively Rz > 0 (having in view that the complex
impedances Z,, Z; are supposed to be passive) in circles situated in complex
plane (Re1 , jXe1) (strictly speaking (Rifo) info)) (R(Z) : ini)c),respectively

elsc

(RS’S X ) (R‘s) x® )).The first two circle’s eqgs., established by Rosman

elsc

& Belaus, (2000), are

el0

a‘(R(2)2+X(2)2)+b'R(2)+c'X(2)+d'=0, (10)
el0 el0 el0

a“(R(Z)2 + Xii)cz)+ b" Rii)c +c" Xifs)c +d"=0, (12)

elsc
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while the ones of the two other circles, established also by Rosman & Belaus,
(2000), are

(R®)2 (3)2 p®) 1y (3) "
e(Relo +Xe10 )+f Re10+g Xe10+h _0’ (12)

e’ (RO + X 07)+ 1RY, + "X, +h=0. (13)
Coefficients a’, b’, ¢/, d’, a”, b"”, ¢”, d”, €', f', ¢, h’, e”, ', g", h"" expressions,
which are functions only of LNRGT’s fundamental parameters, A, (i, j =1, 2, 3),
are given in an other previous paper (Rosman, 2013).

Having in view that the considered LNRGT is supposed as being
passive it results that necessarily the circles (10),..., (13) are situated in half-
plane Re1o > 0 so that the theirs center abscissae are positive and consequently

signa'=-signb’, signa"=-sign b", signc'=-signd’, signc"=-signd". (14)

In the same time the circles (10,...,(13) not intersect the axis X =0,

X® -0, x(?g =0, XS’S)C =0, so that

elsc el

c'2<4a'd', c"2<4a"d", g'2<4e'f', g"2<4e"f". (15)

2. Resonance at the Input Gate

At the input gate of an LNRGT may be distinguished more possibilities
to realize the resonance when this one works either at empty load or in short-
circuit. A first possibility may be render evident when the gate (2), (2) of the
LNRGT’s is open. In this case eq. (10) defines the frontier of equivalent

complex impedance ;‘:3 existence domain. In view to realize the resonance at
the input gate; in this case, it is necessary that the circle (10) intersect the
Xe10 = 0 axis, or, at most, be tangent to this one. This condition is realized when
parameters a’, b’, d’ satisfy the inequality

b?>a'd". (16)

Having in view the inequality (15,), this one, combined with (16) may lead to
the double inequality

c?<4a'd'<bh?. (17)
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The eq.’s a'R%, +C'R,, +d'=0 roots represent the equivalent resistances at

the input gate in the regimes which realize the resonance at this gate. Taking
into account relation (14,) these resistances are situated in the range

b oda)

2a'

2
Re(lc)) <

(18)

when a’' < 0, b’ > 0; a similar relation may be established when @’ > 0, b’ < 0.
The limits of this range correspond to points M, respectively N (Fig. 2).

4
X

R,=0

MN_N Ry

Fig. 2

It is obvious that the realization of resonance at the input gate of a
LNRGT working with the gate (2), (2') open implies the necessity that the
double inequality (17) be satisfied. Since the coefficients a’, b’, ¢/, d' are
functions of fundamental parameters, A;, (i,j =1, 2, 3), only, and these ones are,
at their turn, functions of the harmonic tension frequency applied at the
LNRGT’s input gate it results that the considered resonance regime may be
realized only in a certain frequency range.

In a similar way it can be studied the possibilities to realize the
resonance at the input gate of an LNRGT when: a) the (2), (2') gate is in short-
circuit; b) the (3), (3') gate is open; ¢) the gate (3), (3') is in short-circuit.

In the first case the necessary and sufficient condition to realize the
resonance at the LNRGT’s input gate is that the double inequality

a" <4a"d"<b" (19)

be satisfied; if a” < 0, b” > 0 the resistances at the two-port’s input gate are
situated, at resonance, in the range

@ | -brvb?—4a'd" —b"—b?—4a"d"
Rei < 2a" ! 2a" '

(20)
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In the other two cases, using a similar proceeding, it results that the double
inequalities

g?<4de'h'<f? (21)
or, respectively,
9" <4e"h"< "2, (22)

must be satisfied, the ranges in which the equivalent resistance at the LNRGT’s
input gate exists being

o | -fHf2—deh —fo 72 ge'n
RelO S 26" ) 2" ' (23)

when e’ <0, f' > 0, respectively

— ey " —de"h" —f"—f"2—de"h"
m&e[ , } (24)

2e" 2e"

ife”<o0,f">0.
3. Double Resonance at the Input Gate and One of the Output Gates

In view to establish the conditions in which the resonance is eventually
realized, simultaneously both at the input gate and at the other gate than the one
which works either at empty load or in short-circuit, it is necessary to determine,
beforehand, in the (Re1 , jXe1) plane, the curves corresponding either to case
when X; =0 (the (2), (2") gate is open or works in short-circuit), or to case
when X, = 0 (the (3), (3") gate is open or works in short-circuit). In the first two
cases relations (6) and (8) are utilized and in the last two cases, relations (7) and
(9) are used. In the above situations the complex impedances Z, , respectively
Z3, are explicited, imposing the condition that theirs imaginary part (X,
respectively X3) be null. In this case are taken into account too that relations
(6),...,(9) represent conformal transformations which transform circles from
(Rs, jX3) plane in circles situated in (R;, jX;) plane (Stoilov, 1964). Applying
this proceeding, details being indicated in the Appendix, the following egs.

1(R(2)2 (2)2 p(2) 1y (2) v
a (Relo +Xe10 )+ﬂ RelO +7/ Xelo +5 _0’ (25)

a"(Riz)z n Xifs)cz)-"ﬁ“ Re(fs)c +7/“X(§125)c +8"=0, (26)

1sc
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respectively
1(p(3)2 (3)2 1p(3) 1y (3) -
&' (RO +XO%) 49RO + 2 X 4 ' =0, (27)

el0

e (RO + X Q)+ @™ RO, + 27X, +u"=0, (28)
are obtained. The expressions of coefficients «', £, ¢, ¢, o, B", y", ", &, @', X',
w, e, " 2", 1" are given in the Appendix.

The considered two-port as the complex impedances Z, , Zs being
passive, the circles (24),...,(27) are situated entirely as the half-plane Re; > 0
and consequently

a’>4a's', a">4a"8", A?>4s'y', A >4e" " (29)

when the resonance is realized at the (3), (3") gate. Considering, for instance, the
case characterized by eq. (24) any point situated on this circle’s contour
corresponds to a resonance regime realized at the (3), (3') gate.

If is considered, for instance, the case when the LNRGT works at empty
load with the (2), (2") gate open (I, = 0), the existence domain of the equivalent
complex impedance at the LNRGT’s input gate (1), (1') is situated inside and of
the frontier of circle (10) (circle Rz = 0 — Fig. 3 a); it is important to establish
the circle’s (24) (Xs = 0) position in the complex plane (Re1, jXe1). Having in
view relation (6) it results

~(2) A — A A
26)-25, -BsbaPuko @
Ass Ay = Ay Ags

when simultaneously Rs = 0, X3 = 0. The obtained result point out that circles
Rz = 0 (s. rel. (10)) and X3 = 0 (s. rel. (24)) are tangent. These ones may be
tangent exterior (Fig. 3 @) or interior (Fig. 3 b), T being the tangency point. The
fact that these circles are tangent exterior or interior depends on certain metric
relations between the circles (10) and (24) centers coordinates and theirs
radiuses. In the particular case when LNRGT’s fundamental parameters satisfy

. ~(2 .
relation Sm(;élg,) =0, that is

Aglsm (AlSAZS) + A§23m (AMAZI) =3m |:A21A;3 (AlSA;l - AllA;S )J , (31)

where relation (29) was taken into account, the tangency point of circles (10)
and (24) is situated on the X.; = 0 axis, corresponding to a double resonance,
simultaneously realized at the input gate (1), (1") and at the gate (3), (3"), the
gate (2), (2") being open (working at empty load). A second point, T”, in which
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the circle X3 = 0 intersects, in plane (Re1, Xe1), the Xe; = 0 axis is possible to be
obtained only in the case represented in Fig. 3 b.

4 F |
‘Xel -Xel

o >
R /% }{d
a
F
‘X;l
ez=s R0
ST X,=0
: .
o \_/T R,
X,=0
c
Fig. 3

Similarly may be studied the case when an LNRGT works with the gate
(2), (2" in short-circuit. In this situation the complex impedance which
corresponds to circles (11) and (25) tangency point is

~(2) -A A
20,-78, -Lole " Puls (32)
Azsész _Azzéss

where relations (8) and Z; = 0 were taked into account. In this case, the
tangency point, T", is situated on the X¢; = 0 axis corresponding to a double
resonance both at the LNRGT’s input gate, when this one works in short-circuit

at the (2), (2') gate and the (3), (3") gate if relation Sm(zgc)zo is satisfied

namely

A§23m (AlSA;S) + A§33m (AIZ AZz ) =3m [Asz Ags (51352(2 + A, AZs )J (33)
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Analogous results may be obtained when the LNRGT works with the
(3), (3") gate either open, or in short-circuit. It is useful to mention that instead
of circles Rz = 0 (eg. (10)) it is necessary to consider, in plane (R ¢1, jXe1), the
circles R, = 0 (eq. (11)) and X, = 0 (eq. (25)). The graphical aspect is similarly
to that represented in Fig. 3, the complex impedances which correspond to the
tangency point (T) of circles (11) and (25) being

5(3)
ZSZ) =L = &- (34)
AZZ
respectively
53) _ P3Pz — gy A
28,29, -Bule~Rals (35)
Azsész _Azzéss
It is easy to observe that
5(3)
Zéﬂc =Ly (36)

The circles (11) and (25) tangency point is situated on the X¢; = 0 axis if
m (AlZA;Z) =0, @37)

respectively if relation (32) is satisfied rendering evident the existence of a
double resonance.

In this case too it is possible to observe the existence of a second double
resonance regime, simultaneously, at the (1), (1) gate and at the (3), (3') gate
when the (2), (2') gate is either open or in short-circuit.

5. Conclusions

Utilizing some conformal transformations the existence domain of the
equivalent complex impedances at the input gate of a linear, non-autonomous,
reciprocal, general two-port are determined when either the (2), (2') gate or the
(3), (3) gate is open or in short-circuit. If the curves which mark these domains
are known the necessary and sufficient conditions which assure the realization
of resonance at the input gate of such a two-port, in the mentioned working
regimes, are determined.

The conditions which assure the realization, simultaneously, of
resonance either at the gates (1), (1) and (3), (3') when (2), (2) gate is either
open or in short-circuit, or at the gates (1), (1) and (2), (2") when (3), (3') gate is
either open or in short-circuit are determined too.
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Appendix

Annulling the imaginary part of complex impedance

deduced from relation (6), eq. (24) is obtained, where
a'= Sm[ﬁ; (Azléaa —623631)}
B'= —23m( A, ) iRe(AuAZl) +3m |:A31 (ALAzs + Aoy )J (A2)
7' =23m( Ay ) 3m( A, A‘;l)+ine[521 (AAs _613621)}
5 ==3m| A5y (Ao Ay =Py Ay |
If the imaginary part of complex impedance
obtained from expression (8) is annulled, it results eq. (23) with
" = 3] By Ay Py = Prp )|
ol ) sl

"= 23| A ) S( Ay Ao )+ 98] Ay (A Ay~ A |,
6"= —Sm[ﬁz (Alaﬁsz —A 2633)}

Relation (7) permits to obtain the expression
A, —A,ZY) A
= — (A.5)
® =67
Aleelo _All 221

which leads to eq. (26) if her imaginary part is annulled, the coefficients of this eq.
having the expressions

IN

g'= 3m(£\21£‘;2 ), p'= Sm(AllA;Z _612621)’

. . . (A.6)
Al =5Re(£‘11£‘22 —A 2£‘21)a M =Sm(£‘11£‘12)-
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Using relation (8) the expression of complex impedance

(Azzéss _Azsﬁsz)zgc +AxsA, —Ap Ay

Z,= (A7)
(A23A31 A21A33)Z(3 + AL Ay —AgAy
may be obtained; annulling her imaginary part; it results eq. (27) where
" =3m:(£‘22£‘33 _AzaAsz)(A;3 A;l A;1A33):|
®" =3m:(£‘22£‘33 Ay Asz)( Ay A Azs 1) (A13A32 52631)(3;353*1 _A;A;a)} A8

)b"=me[(£‘13£‘32_£‘12£‘31)( An By —PAnAg

P (A = Ao By ) By s~ Ay ) |
1= 3| (AP~ A A ) (AL Ay A13A31)}
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REZONANTE LA PORTILE DE ACCES ALE UNUI CUADRIPOL
GENERAL LINIAR, NEAUTONOM S$I RECIPROC, FUNCTIONAND LA
GOL SAU IN SCURTCIRCUIT, TN REGIM PERMANENT ARMONIC

(Rezumat)

Se stabilisc conditiile necesare si suficiente de realizare a rezonantelor la poarta
de intrare, (1), (1), a unui cuadripol general liniar, neautonom si reciproc avand fie
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poarta (2), (2'), fie poarta (3), (3), la gol sau in scurtcircuit, in cazul in care cuadripolul
functioneaza in regim permanent armonic.

Se precizeaza conditiile in care un astfel de coadripol realizeaza, simultan,
rezonanta, la pertile (1), (1) si (2), (2") (sau (3), (3)) atunci cand poarta (3), (3") (sau
(2), (21) este la gol sau in scurtcircuit.



