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Abstract. The paper presents an analysis of the classical expressions of the
induction machine currents. The simplifications used are highlighted and the
errors caused by these simplifications are evaluated. The absolute errors are
calculated on a practical application and compared to those obtained by
simulation, based on the full two-phase or three-phase model. Comments are
made on the values of absolute and relative errors. Finally, starting from the
classical (simplified) expression of the electromagnetic torque, a new expression
of the rotor current is proposed, which highlights first of all the variation of the
current versus the rotor speed (slip).
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1. Introduction

Induction motors are the most used motors in industrial control systems,
as well as in main powered home appliances. They have simple and rugged
design, low-cost, low maintenance and direct connection to the grid. They are
extensively used in both fixed-speed and variable-speed services. Various types
of induction motors suitable for different applications are available in the
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market. Although induction motors are easier to design than dc motors, the
speed and the torque control in various types of induction motors require a
greater understanding of their characteristics.

The efficient use of an induction motor requires the prior knowledge of
the basic torque-speed and current-speed characteristics, which must be matched
with the mechanical characteristics of the load and of the electrical supply.

A good understanding of the characteristics is extremely important to
properly use the induction motors in different applications, so that the load
torque and the motor torque are relatively adequate (Rockwell Automation,
1996; Agamloh et al., 2016).

To describe the behavior of the induction machines mathematical
models with distributed or concentrated parameters have been developed. The
d-g (orthogonal) model is a natural model for single-phase and two-phase
induction machines. For the three-phase induction machines the three-phase
model in phase coordinates is more suitable. Most times however, the d-g (two-
phase) model is used in the study of the three-phase induction machine
operating either as a motor or a generator.

2. The Currents Expression

The behavior of the asynchronous machine in classical study is
described by means of specific equations. In case of the machine structural
symmetry we consider the induction motor connected to the three-phase grid as
a three-phase balanced load. Under this condition a three phase induction
machine can be analyzed using the equivalent circuit of a single phase (per-
phase equivalent circuit) (Gheorghiu and Fransua, 1971; Lyshevsky, 1999),
where the per-phase currents expression are derived. Fig. 1 shows the electrical
diagram of one phase in which the machine constructive parameters are
specified, respectively the resistors and inductors. It should be noted that this
scheme is valid only in steady state, that is at constant speed , = const.
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Fig. 1 — Per-phase equivalent circuit of an induction motor.

To confirm the rightness of analytical results the machine behavior has
been simulated and numerical values have been assigned for the machine
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parameters. It is considered the neutral connected. d-g model of an induction
machine rated as follows has been performed:

P, =55kW, f, =50Hz, U, =400V,

R, =0.7Q; L, =6mH;

R, =067Q, L_,=57mH;

L,=90mH; R,=13kQ p=1 Yconn,;

A careful analysis reveals that the impedance value on each phase

depends on the angular speed (or slip): Z =Z(»,)=2(s). The impedances are

therefore parametric elements and the generalized balanced load theory cannot
be used (Popa 2010; Cociu and Cociu 2014).
We use the following notation:

Z, =R +jX4
Zn =X, IR, 1)
Zz =R,/s+jX,,

so the per-phase equivalent circuit is as shown in Fig. 2:

z, Z,

I I,

Fig. 2 — Per-phase equivalent circuit.

It results from Fig.2:

Z2-2,+2,-2,/2,+2;) -2 20 L/ 20) o
1+ZI’ /;m
Zmsz//JXm:M_ Rm NJXm (3)

Ry +iX, U MRy + Xy

We use the classical notation:

Cl=1+;llzm =1+ Rl"’_JX(yl =1+ Xo'l_‘_&_'_J h_& :Clew (4)
- RMX, — X, R R X

m m

m m

¢, is a complex number slightly greater than unit with a small negative angle v.
For the numerical example we considered it results:
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¢, =1.066— j0.024=1.066%'%-02 (5)
The typical approximation is:
C,=1+2Z,/Z, =1+ X,/ X, =¢ (6)
Thus, for the input impedance (at the stator terminals) we get:

Z1+C1’Zz

Z= : 7
N 1+ ZZ /;m ( )

The stator current results as:
oy ML/ ®)

Z _1Z1+C1‘Z2

The impedances ;'2 and Z,, form a current divider (Fig. 2) therefore

the other two currents of interest — the rotor current and the magnetizing current
can be expressed as follows (depending on the stator current):

lLy=—l,—=0 = — =1 9)

= Zra_ U Z (10)

Using the simplification (3) the magnitude of the three currents can be
expressed as:

1, =1 Ry/sf +o?(Ly L f (12)
ol (Rl +¢R, /s)2 + o’ (Lcl +6boy )2
, U
|- 1 12)
i \/(Rl +¢R, /S)Z +0)2(|-51 +CyLyy
Y Ry /sf +ori2, (13)
" L, (Rl +¢R, /s)2 +c02(L61 +cl,

Although two approximations — (3) and (6) — were used, the current
expressions are quite complicated but very close to reality. Next we aim to
evaluate these errors.
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3. Errors in Classical Current Expressions

To validate the currents expressions PSpice simulation has to be carried
out (Justus, 1993). The d-g model developed on equivalent circuit in Fig. 1 (Cociu
and Cociu, 2005) has been used. But the results have been confirmed on the three-
phase model. The same values of the machine constructive parameters have been
used together with the relationship L, =(2/3)L,, (Cociu and Cociu, 2011).

a) Stator current

In the particular case of running at synchronous speed, that is zero slip,
we obtain:

=0 (14)
Ul _ Ul
ocl, X,+X4

The exact value of the no-load current is:
* Ul

(15)

I, =1
o= 1],

|m|s:0: m

Iy = (16)
JRZ + (X + X, )
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Fig. 3 — Stator current versus speed: a — current value; b — absolute error.
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Because X, + X, >> R, the error is reduced in this case and it can be
neglected. In the numerical example we considered, it results
e=Al,/1;=0.027%. In Fig. 3 are presented the values of the stator current

obtained by using (11). The errors compared to the exact values obtained by
simulation have been also determined. These errors are caused by the
approximations (3) and (6). The absolute error has very small values at both
starting (s = 1) and synchronism (s = 0). Higher values are obtained around the

break-down slip s,. The absolute error reaches the value Al =0.24A and

the relative error &, = Al; /1, =1.9%. In normal load operation the relative

1max

erroris e=Al; /1, <1%.

b) Rotor current
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Fig. 4 — Rotor current versus speed: a — current value; b — absolute error.
In Fig. 4 are presented the values of the rotor current obtained by using

(12) and the errors compared to the exact values obtained by simulation. The
errors are due firstly to approximation (6) and secondly to approximation (3).
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As in the previous case, very small errors are obtained at starting (s = 1) and at
synchronism (s = 0). Larger errors are also obtained close to the break-down

slip sk, but the maximum absolute error AIIZmax =0.13A and the relative error
Eomax = Al, /1, =1% are lower than in the previous case. In the regular load
operation the relative error is €, = Al, / I, <0.5%.

¢) Magnetizing current
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Fig. 5 — Magnetizing current versus speed: a — current value; b — absolute error.

Fig. 5 shows the values of the magnetizing current obtained by using
(13) I, = 1, the current corresponding to the iron losses I, and the errors
compared to the exact values obtained by simulation. The reference current is
considered the current flowing through the magnetizing inductance |, . The
errors are due primarily to approximation (3) and secondly to approximation
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(6). As in the previous cases, very small errors are obtained at starting (s = 1)
and at synchronism (s = 0). Greater errors are also obtained close to the break-

down slip sx; the maximum absolute error is Al =0.019A and the

relative error is €,max =Aly /1y =0.3% . In ordinary load operation the

mmax

relative error is e, =Al, /1,, <0.2%.

4. New Rotor Current Expression

The torque-speed characteristic is the basic characteristic to describe the
performance of the induction motor. This can be derived from the equivalent
circuit of the three-phase induction motor considering the energy balance
(Gheorghiu and Fransua, 1971; Lyshevsky 1999):

_PPi2 _p3RylY
o S Q) S

T

(17

where p is the number of pole pairs and pj, is the rotor power losses. Using (12)
we obtain:

U2 3R,
S® (Rl +¢R, /s)2 +w? (Lcl + ClL'GZ)Z

This formula is rather useful and convenient to determine the torque-
speed relation of induction motors when a full detail of the motor equivalent
parameters is available. It is rather an academic formula useful in the study of
the influence of the constructive parameters of the induction machine on the
torque-speed characteristic.

A common approach to determine the torque curve is to use the full
Kloss formula (Boldea and Nasar 2002; Wilamowski and Irwin 2011; Gerling
2015; Pichai 2018). The electromagnetic torque T developed by the induction
motor at a given speed (or slip) is expressed as a function of break-down (or
maximum) torque T, and break-down slip sy.

T

(18)

7o 2T(+ns) (19)
Sy 2\
S S
where:
2
T, = 3pY; (20)

2c1m[R1 +\/R12 (XX, }



Bul. Inst. Polit. Iasi, Vol. 66 (70), Nr. 2, 2020 47

5, = 4% (21)
\/R12 + (Xcl + ClXc‘;Z
L] 22)
GR,

From (19) and (17) we obtain another mathematical expression of rotor
current, different from the classic one:

2 _ 20T (1+2s,) s -
2 =73 R P— (23)
P 2 47K 4 2)s,
S, S
Hence the starting current (s =1) results as:
2 20T (1+1s,) 1
P 3_ R. 1 (24)
P 2 —+ S, +2\s;
Sk
and the rotor current relative to the starting current is:
. o 1 S
I22 = I22S (— +S, + ZKSkJ— (25)
Sk —+ K 4 2)s,
S S

Although the starting rotor current is not one of the rated values of the
induction motor, the catalog provides the starting stator current from which the
starting rotor current can be determined. Therefore from Fig. 2 we get the
relationship between the stator and rotor currents. For s = 1 we get:

12, =12 —|Zm|2 =12 X (26)
2st — "lst - Mlst ' '
‘Zm+;-2‘2 R22+(Xm+xcz)2
12 =12 Xn (1+s +2st (27)
2 — Mst ¢ ' - k k
R22+(Xm+X(52)2 sk i+7k+2}\’sk
S¢ S
Using the notation:
X, A[s2+ 2082 +1 1+3s?
A= m\/ k k z\/ k 28)

\/RI22+(xm+x;s2)2 C2
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(27) becomes:
S
Js%+ 20525+ 82

I, =g A 29)

The same result could be obtained directly from (12) in a manner
similar to that used when processing the torque. But the mathematical
expression of the electromagnetic torque of Kloss aspect is classical and can be
found in all textbooks. For this reason we preferred to derive the expression of
the rotor current starting from Kloss expression.

The mathematical expression (29) has been validated by simulation.
Therefore a quasi-stationary operating is considered. The rotor speed increases
slowly at constant slope. Within a 9 s time range, the rotor speed increases from
0 to ®,=314 rad/s.

40
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Fig. 6 — a - Rotor current amplitude versus speed calculated with (29);
b - Rotor current in quasi-steady state operation.

The results presented in Fig. 6 highlight the concordance between the
values obtained by simulation and those calculated using (29).
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5. Conclusions

The stator and rotor currents are usually used to describe the induction
machine behavior, so their expressions are well known in the literature. The
magnetizing current (13) is less used, therefore its expression has been
determined in this paper.

In all current expressions two approximations have been used. The first
approximation is almost always involved, so it's not necessarily to recall it. It is
about neglecting the iron losses presented in the equivalent electrical scheme by
means of the resistance Ry,. Mathematically this approximation is presented in
(3). The second approximation presented in (6) is unanimously accepted,
overlooking the fact that its use aims to simplify the final form of mathematical
current expressions.

Although these approximations are accepted, the form of current
expressions remains (very) complicated, thus masking the fact that the
expressions are not exact.

Based on a real application the paper determines the error of classical
expressions of currents (11), (12) and (13). In all cases in starting operation (s = 1)
and at synchronism (s = 0) the errors are very small £<0.1% and therefore
negligible. The largest errors are obtained close to the break-down slip sk and
can reach the value € ~ 2% in the case of stator current, smaller for the rotor
current, € 1% and only £~0.3% for the magnetizing current. Under normal
load operating, s, <s <0, the errors do not exceed 1% and can be considered

negligible for almost all applications.

Starting from Kloss's expression of the electromagnetic torque, the
paper derives a new mathematical expression of the rotor current (29). This
does not differ in essence from (12) but better highlights the dependence of the
rotor current on the slip. The expression is suitable to practical applications
because it uses known or determinable parameters of the asynchronous
machine, such as sy, A, lag, A.
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CONSIDERATII ASUPRA EXPRESIEI CURENTILOR FUNCTIE DE
VITEZA UNGHIULARA LA MASINA ASINCRONA

(Rezumat)

Lucrarea prezintd o analiza a expresiilor clasice ale curentilor prin masina
asincrona. Se evidentiaza simplificarile utilizate si se evalueaza erorile datorate acestor
simplificari. Pentru un exemplu concret, se calculeaza erorile absolute avand ca valoare
de comparatie rezultatele obtinute prin simulare pe baza modelului complet bifazat sau
trifazat. Se fac comentarii asupra valorilor erorilor absolute si relative. in final, pornind
de la expresia clasica (simplificatd) a cuplului electromagnetic se propune o noud
expresie a curentului rotoric care pune in evidenta in primul rand modul de variatie al
curentului functie de viteza rotorica (alunecare).



